Abstract. In this paper we study the problem of the existence and the construction of periodic solutions of the Riccati equation with continuous periodic coefficients defined on the real line with values in Banach space.
Introduction
The theory of invariant manifolds, especially the theory of center manifolds, yields an important contribution to the study of some systems of differential equations [2] - [11] . The main theorems of the invariant manifold theory have been already proved, generally speaking, for quasi-linear systems with a block-diagonal structure of their linear parts.
For this reason an important problem arises how to construct a transformation, which transforms an arbitrary system of differential equations to such a form. However, this transformation significantly complicates the nonlinear part of the system. On the other hand, some results of the invariant manifold theory may be obtained for so-called systems of special form, which are differential systems with block-triangular structure of the linear part [4;5] , [11] . In this connection a crucial question arises: how to construct a transformation, which transforms this system to a system of special form. To this end, we must construct a solution of the corresponding differential Riccati equation. We also note that systems of special form can be easily transformed to systems with block-diagonal structure of their linear parts. If the given and obtained systems are periodic, then the solution of the Riccati equation is also periodic. This motivates the study of periodic solutions of the Riccati equation.
Our aim is to study the problem of existence and construction of periodic solutions of the Riccati equation with continuous periodic coefficients in an arbitrary Banach space. As fax as we know the obtained results in this paper have not been published yet in finite dimensional case.
In Section 1 we establish conditions under which the problem of existence and construction of periodic solutions of the differential Riccati equation reduces to an analogous problem of the algebraic Riccati equation. In Section 2 and 3, under some additional assumptions, we transform our problem to an integral equation problem which makes it possible to apply the Banach fixed point and thus to obtain criteria of existence of periodic solutions. We investigate particular cases when the spectra of some operators are disjoint and some of them are separated by a vertical strip. In Section 4 we consider the cases when the investigation of existence and construction of periodic solutions leads to an application of appropriate Green functions. In the final section several examples for periodic Riccati equations are presented. We shall also consider the algebraic Riccati equation
General existence criterion
where Mj = j = 1,..., 4. Substituting (3) in this condition we obtain the equation
which is equivalent to (4) . Hence the operator Q is a solution of (4). (3), it follows from (4) that Jf(0) = X(u;). We also observe that equation (1) with initial condition has a unique solution. Thus, the solution X(t) can be continued to [-a>,u>] . Obviously, this procedure can be continued to obtain a periodic solution of equation (1) . This completes the proof.
Conversely, suppose that the assumptions of Theorem 1 are valid. Let X(t) denote a solution on the interval [0, u>] of the equation (1). It easy to check, that X(t + LJ) is a solution on the interval [-u>,0] of equation (1). Since the solution X(t) is of the form

The case when spectra Eire disjoint
The next result has already been proved in [1, Theorem 3.1]. LEMMA 
Suppose that assumptions (ai) and hold and that the spectra of Mi and M4 are disjoint, that is a(M\) C\o{Mi) = 0.
Then the algebraic Riccati equation (4) is equivalent to the integral equation
where T is a Cauchy contour around o^M^) separating o(M±) from a{M\) and M = M3 -QM2Q; for simplicity we write A -M instead of XI -M.
Let us denote mj = \\Mj\\ for j = 2,3; mj = max{||(A -Mj)~l\\ : A € T} for j = 1,4 and by 7 the length of T.
We now establish one of the main results. holds. Then equation (1) has an u>-periodic solution defined by (3) , where Q is a solution of (4).
Proof. Let S C B12 be the closed ball with radius p > 0 and centre Q = 0. On the ball S we define a metric d by the formula d(Q,7$) = ||Q -Then 5 is a complete metric space. We define the mapping F : S -» B12 by
For 7712 > 0 we show that F is a contractive mapping of the space S into itself. We set By using (7) this inequality may be rearranged in the form 2 2 2 ^ n 2 77117714771277137 < vir , where 6 = q(2 -q). Since 0 < 1, this inequality follows from (6) . Therefore, by Banach contraction principle, F has a unique fixed point in S. According to Lemma 1 and Theorem 1 it follows that (1) has an w-periodic solution given by (3) . If 7712 = 0, then (1) and (4) become linear equations. The integral equation (5) becomes a formula for periodic solution of (4). This completes the proof.
The case of separated spectra
Consider the particular case where Re(A -//) < 0 or Re(\ -fi) > 0 for all A e o{M\) and fx 6 a(M\). In this case we say that the spectra of M\ and M4 are separated [1] . 
Proof. Suppose that Re(A -(i) < 0 for all A 6 <J(M\) and all /1 6 a(M\).
Then there exist real numbers a and ¡3 such that /3 < a, Re A < ¡3 and
< -a. We note that A(-MI)
= -<J(M{) [8] . From this and Theorem 4.1 in [8] it follows that there exist positive numbers N\ and iV 2 
such that ||exp(-Mii)|| < iVi exp(-at), ||exp(M 4 i)|| < N 2 exp(-f3t).
Hence the estimate (8a) is true. By the same reasoning as above we assert that the estimate (8b) holds if Re(X -¡x) > 0. This completes the proof.
THEOREM 3. Assume that: 1) equation (1) satisfies (ai) and (02); 2) every solution of equation (1) can be continued to the interval [0, u];
3) the spectra of Mi and M4 are separated; 4) the inequality (9) 2N^m 2 m 3 < v is satisfied.
Then the equation (1) has the u-periodic solution defined by (3), Q being a solution of equation (4).
Proof. Let Ti be a Cauchy contour around cr(M\) separating a(M\) from a(M\). The formula f(M\) = -i-: J f(fx)(fi -Mi) -1 d/i,
which is analogous to the Cauchy formula for scalar analytic functions, defines an operator /(Mi) [1, 8] . Thus we have 
Green's function and its application Let U(t) and V(t) be Cauchy operators of the equations vl = A(t)u and v' = C(t)v, respectively, and let U(t,s)
and V(i, s) be corresponding evolution operators. If operator I -V(u) has a bounded inverse, we define the Green function by
Note that for t, s 6 [0, u] there exist positive numbers /?, 6, K and N such that
THEOREM 4. Assume that 1) the assumptions (ai) and (a^) hold; 2) the operator I -V(co) has a bounded inverse and U(a;) = I;
3) the inequality 2KNuy/p5 < 1 holds.
Then the equation (1) has an co-periodic solution.
Proof. The solution X(t) of equation (1), satisfying the initial condition X(0) = Q, is a solution of the integral equation
Hence, we can write the integral equation for this a>-periodic solution in the form
X(t) = \G(t,s)D(s)U(s,t)ds. o Let n = {X € : ||X|| < p}.
We define the mapping
F(X) = \ G(t, s)D(s)U(s, t)ds, X € i). o
For X, X 6 CI we have 
Examples
The first example shows that equation (1) Since the period cj = 2n we have 2tt Mi = 1, M2 = J exp(cosr -l)dr, M3 = 0, M4 = 1. 0 Therefore, we can write (4) as 2ir Q 2 j exp(cosr -l)dr = 0. 0 Consequently <2 = 0. Hence by Theorem 1, equation (10) has the unique 27r-periodic solution X = sini. We note that in this example the spectra of operators Mi and M4 coincide.
The following example shows that equation (1) may have infinitely many periodic solutions in the case when the spectra of the operators Mi and M4 are disjoint. 
